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The basic aim of this note is to show that alleles can be a useful tool for investigations of 
semiprime ideals. By means of alleles we characterize semiprime ideals in general lattices. We also 
study when a sectionally complemented lattice is distributive. 
1. Introduction 
If a I b are elements of a lattice L, then the ordered pair (a, b) is called a quotient 
of L and it is denoted by b/a. Let b/a, d/c be quotients of L. The quotient b/a is 
said to be weakly perspective down into d/c (written b/a L,d/c) if avd = b and 
a~ dz c. The quotient b/a is said to be weakly perspective up into d/c (written 
b/ar”d/c) if bAc=a and bvcsd. If either b/aL,d/c or b/aP”d/c, then we 
write b/a- ,d/c and we say that b/a is weakly perspective into d/c. 
Let f/e, h/g be quotients of a lattice L. The quotient f/e is said to be weakly 
projective into h/g if there exists a chain of quotients J/‘ei (i= 0, 1, . . . , n) such that 
f/e=fo/eo-wfi/e, -,+,‘.. -,f,/e,=h/g. 
This fact is denoted by f/e zw h/g. 
A quotient b/a is called an allele of L (cf. [l]) if there exists a quotient d/c such 
that b/a= ,d/c and such that either bs c or a? d. An allele b/a is said to be non- 
trivial if a# b. The set of all alleles of L will be denoted by A(L). A lattice L is 
distributive if and only if there is no nontrivial allele in L [l; Theorem VI. 1.31. 
Example 1.1. In the lattice Ns (see Fig. 1) we have 
and, therefore, c/a is an allele of Ns. Clearly, there is no other nontrivial allele 
in N,. 
A glance at Fig. 2 shows that in the lattice M, 
a/orWi/cL b/or”i/a w 
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Fig. 1. Fig. 2. 
and so a/o E A(M,). It is immediate that {a/o, b/o, c/o, i/a, i/b, i/c} is the set of all 
nontrivial alleles in A4,. 
Let c(L) be the binary relation defined on a lattice L in the following way: 
(a, b) E c(L) if and only if there exist elements ai such that 
ar\b=aOIa,r .+. sa,,=avb 
and such that aj+ 1 /aj E A(L) for every j = 91,. . . , n - 1. It is known that c(L) is a 
congruence of the lattice L [l; Theorem VI.1.61. 
Let B(L) be the binary relation defined on L as follows: (a, b) E&L) if and only 
if the following implication is true 
(4/P =w avb/aAb&q/pEA(L)) *p=q. 
The relation B(L) is also a congruence of L [l; Theorem VI.1.111. 
An ideal I of a lattice L is called semiprime if it satisfies the following implication: 
(xAyEz&xAzEz) *XA(_YVZ)EZ. 
A semiprime filter F is defined dually by 
(xvy~F&xvz~F)~xV(yAz)~F. 
The notion of a semiprime ideal (filter) is due to Rav [4]. Obviously, in a distributive 
lattice, every ideal is semiprime. 
2. A criterion on semiprime ideals 
Lemma 2.1. Let p(xl, x,, . . . ,x,) and q(x,,x,, . . . , x,,) be lattice polynomials such 
that the identity p = q is valid in every distributive lattice. 
If a,,a2, . . . . a,, are elements of a lattice L, then 
(p(al,az,...,a,), q(al,az,...,a,))E~(L). 
Proof. Let [x] denote the class of the quotient lattice L/c(L) which is determined 
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by x. Since L/&5) is distributive [ 1, Theorem VI. 1. lo], 
INq I, [%I, * * * 3 bnl)=d[all, b219 ***> bnl). 
Consequently, [p(al,a2, . . . , a,)l=[q(al,az,...,a,)l. 0 
Main Theorem 2.2. An ideal I of a lattice L is semiprime if und only if there exists 
no allele p/i with i E I and p $ I. 
Proof. Suppose I is semiprime. By a result of Rav [4], there exists a distributive 
lattice D with 0 and a homomorphism f of L onto D such that f -l(O) = I. If p/i is 
an allele of L such that ieZ, then f(p)/f( i is an allele of the distributive lattice D. ) 
Hence f(p)=f(i)=f(O) and so pal. 
Conversely, suppose I is not semiprime. Then there are elements x, y, z E L such 
that xAy, xA.z~l and xA(yVz)$Z. By Lemma 2.1, ((xAy)V(xAz),xA(yVz))~ 
I?(L). From the definition of c(L) we conclude that there exist a,, al, . . . , a,, such 
that 
(xA~)V(XAZ)=&,~G~I .-- Ia,=xA(yVz) 
witha,+i/ajeA(L) foreveryi=O,l,..., n - 1. However, a0 E Z and a, $ I. It follows 
that there exists an i such that ai~l and ai+ I $I. 0 
3. Some applications 
From Theorem 2.2 and Example 1.1 we conclude that in the lattice Ns there is 
only one ideal which is not semiprime, namely the ideal (a]. Similarly we see that 
there is only one semiprime ideal in the lattice M,, namely the ideal (il. 
Proposition 3.1. Let I be a semiprime ideal of a lattice L with 0. Then I contains 
the kernel of the congruence (L). 
Proof. Let K denote the kernel of e(L) and suppose 0 #k E K. By definition, there 
exist ~~,a,, . . . . a,, EL such that 
ao=O<a,<a2< ‘.. <a,=k 
with Ui+l/ai~A(L) for every i=O,l,..., n - 1. From Theorem 2.2 we infer that 
ai E I. By induction, a,, E I. 0 
Corollary 3.2. Let L be a lattice with 0. Then the kernel of the congruence c(L) 
is equal to the intersection of all semiprime ideals in L. 
Proof. It suffices to prove that the kernel K of c(L) is a semiprime ideal. However, 
if k E K and m/k E A(L), then (k, m) E e(L) and so m E K. The assertion now follows 
from Theorem 2.2. 0 
226 L. Beran 
Recall that a lattice L with 0 is said to be sectionally complemented if for every 
al b of L there exists a relative complement a+ of a in [0, b], i.e. an element satis- 
fying aVa+=b and aAa+=O. 
Theorem 3.3. Let L be a sectionally complemented lattice. An ideal I of L is 
semiprime if and only if it contains the kernel of the congruence c(L). 
Proof. By Proposition 3.1, it is sufficient to prove that an ideal Z which contains 
the kernel K of c(L) is necessarily semiprime. 
Let b/i be an allele of L with ie Z and let i+ be a relative complement of i in 
[0, b]. Since (i, 6) E c(L), (0, i’) E c(L) and, consequently, i+ E KcZ. Thus 
b = iv i+ E I. Theorem 2.2 implies that Z is semiprime. 0 
In [3], Chevalier characterizes a semiprime ideal of an orthomodular lattice L as 
an ideal containing the commutator ideal of L. Since every orthomodular lattice is 
sectionally complemented and since the kernel of the congruence c(L) is in this case 
equal to the commutator ideal of L [l, Theorem VI.3.21, it is clear that Theorem 
3.3 generalizes Chevalier’s result. 
Theorem 3.4. Let L be a sectionally complemented lattice. Zf L contains an element 
c such that the ideal (c] and the filter [c) are semiprime, then L is distributive. 
Proof. Let us assume that there is a nontrivial allele b/a of L and let a+ 20 be a 
relative complement of a in [0, b]. From (a, b) E c(L) we see that (0, a’) E c(L). 
Since (c] is semiprime, we can conclude from Theorem 2.2 that a+<~. Let q< c be 
a relative complement of a+ in [O, c]. Then (q, c) E e(L) and, therefore, there exists 
p EL such that c>p I q and c/p E A(L). Then by the dual of Theorem 2.2 the filter 
[c) is not semiprime, and a contradiction ensues. 0 
Theorem 3.4 is a generalization of a similar result on relatively complemented 
lattices due to Rav [4]. 
Corollary 3.5. A sectionally complemented lattice L is distributive if and only if the 
ideal (0] is semiprime. 
Proof. By Theorem 2.2, [0) is semiprime in any lattice L with 0. 0 
Theorem 3.6. Let L be a sectionally complemented lattice and let (y] be a semiprime 
ideal of L. Then the lattice [y) is distributive. 
Proof. Consider an allele b/a of the lattice [y) and let a+ denote a relative comple- 
ment of a in [0, b]. Now (0,a’)~ c(L), and therefore, by Theorem 3.3, a+ly. 
Since y 5 a, a +=a+r\a=O and so a=b. q 
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The following theorem generalizes [2, Main Theorem]: 
Theorem 3.1. Let L be a sectionally complemented lattice. Then the following 
conditions are equivalent: 
(i) L is distributive; 
(ii) the ideal (y] is semiprime for every y E L such that (0, y) E B(L); 
(iii) there is an element y E L such that (0, y) E&L) and such that (y] is 
semiprime. 
Proof. It is sufficient to prove that (iii) implies (i): 
Suppose b/a is an allele of L and let a+ denote a relative complement of a in 
[0, b] so that (0, a+) E e(L). Since (y] is semiprime, a+ly by Theorem 3.3. From 
(0, y) E&L) we conclude that (0, a’) E&L) fl C?(L). By [l, Theorem VI.l.111, 
a’ = 0 and, consequently, a= b. 0 
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